UFES 2012 



Thermodynamics of phantom 
Reissner-Nordstrom-AdS black hole 

Deborah F. Jardim '•"''^ , Manuel E. Rodrigues and Stephane J. M. Houndjo ^''^^ 

(a) Universidade Federal do Espi'rito Santo 
Centro de Ciencias Exatas - Departamento de Fi'sica 
Av. Fernando Ferrari s/n - Campus dc Goiabeiras 
CEP29075-910 - Vitoria/ES, Brazil 
(b) Institut de Mathematiques et de Sciences Physiques (IMSP) 
01 BP 613 Porto-Novo, Benin 
(c) Universidade Federal dos Vales do Jequitinhonha e Mucuri, ICTM 
Rua do Cruzeiro, 01, Jardim Sao Paulo 
CEP39803-371 - Teofilo Otoni, MG - Brazil 



Abstract 

We obtain a new solution of the Einstein-anti-Maxwell theory with 
cosmological constant, called anti-Reissner-Nordstrom-(A)de Sitter (anti- 
RN-(A)dS) solution. The basic properties of this solution were reviewed. 
Its thermodynamics is consistently established, with the extreme cases and 
phase transitions, making the analysis through two methods, the usual 
and that of Geometrothermodynamics. The analysis by Geometrother- 
modynamics does not provide us a result in agreement with the usual 
method, and by the specific heat. We establish local and global thermo- 
dynamic stability of anti-RN-AdS solution through the specific heat and 
the canonical and grand-canonical ensembles. 

Pacs numbers: 04.70.-s; 04.20.Jb; 04.70.Dy. 

1 Introduction 

The discovery made by Hawking ['.], that black holes radiate particles by 
gravitational interaction near the event horizon, being interpreted like a tem- 
perature of the black hole, allowed numerous conjectures for various thermo- 
dynamic systems for a variety of black holes solutions in General Relativity, 
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and other modifications of gravity. This analysis of thermodynamic systems of 
black holes, as well as the usual thermodynamics, has its base in four postu- 
lates, called zero law and three other laws, by analogy to the usual system of 
thermodynamics [2, 3]. This becomes quite interesting, since each new black 
hole solution can possess a different thermodynamic system, but which is ruled 
by laws, or fundamental principles, which are often up to universal, as in usual 
thermodynamics. The resulting properties of these principles can give us good 
indications on the local or global stability of these systems, so a good criterion 
for finding a solution that can be physically acceptable or not. 

The thermodynamic properties of a black hole solution can be analysed in 
many ways. One of them is the usual study made by Davies [4]. But there 
are other methods well established both physically and mathematically, which 
are similarly used to study the thermodynamic properties, such as that of the 
Geometrothermodynamics [")] and that of Hamiltonian thermodynamics [G] . Our 
main goal here is to use the first two methods in parallel to facilitate comparison 
of results and their analysis. Because these methods can give us a good notion 
of the thermodynamic stability of the system, we will study the properties of a 
new black hole solution obtained for the first time in this work. This solution 
has a unique feature which may seem strange at first sight. It arises from a 
coupling of a field of spin 1, with gravitation, which may be the usual Maxwell, 
or with a contribution of negative energy density, called phantom. 

Before beginning the analysis of this new class of phantom black holes, we 
will present briefly our interest in obtaining and studying such exotic solutions. 
With the discovery of the acceleration of the universe, various observational 
programs of study of the evolution of our universe were deployed, including the 
relationship of the magnitude-versus-redshift type supernovae la and the spec- 
trum of anisotropy the cosmic microwave background. These programs promote 
an accelerated expansion of our universe, which should be dominated by an ex- 
otic fluid and should have a negative pressure. Moreover, these observations 
show that this fluid can be phantom, i.e, with the contribution of negative 
energy density [ ]. 

As the interest in obtaining these classes has increased, we also found our- 
selves wanting to analysis of a specific phantom model. We can mention here 
some recent results in the literature, such as the wormhole solutions [n] , the black 
hole solutions of Einstein-Maxwell-Dilaton theory, [9], the higher-dimensional 
black holes by Gao and Zhang [10], and the higher-dimensional black branes by 
Grojean et al [) 1]. Analyses were also made in algebraic structures of this type 
of phantom system, as the case of the algebra generated by metrics depending 
on two temporal coordinates, with D > 5, which provides phantom fields in 
AD, fulfilled by Hull [ ], and Sigma models by Clement et al [13]. Here, we 
will obtain and study the thermodynamic properties of a solution arising from 
the coupling of Einstein-Hilbert action with a field of spin 1 and a cosmological 
constant. 

One way to analyse the thermodynamics of black holes that has been widely 
used is the geometry, for which is defined a thermodynamic phase space, which 
is metric, and from differential geometry is removed all of the information of 
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the properties of the system. These methods provide us, through the curvature 
scalar of the space phase, if the system presents thermodynamic interaction, 
showing were the locaUsation of the point of the hmit of extreme black, and 
where and when the system passes through a phase transition, and finally, if 
the system is or no locally or globally stable. These methods have originated 
in the work of Rao [14], which was subsequently developed by other authors 
[15]. Other works that have gained attention in the analysis of the thermo- 
dynamics of black holes by differential geometry were those of Weinhold [1 (i] 
and Ruppeiner [17]. We use here so-called Geometrothermodynamics method, 
however, comparing with the more commonly method used, for verification and 
interpretation of the obtained results. Geometrothermodynamics appears to be 
a method which is equivalent or superior in some ways, as for example, due 
to invariance Legendre transformations and to the consistency of results in the 
various selected ensembles. Recently, this method has gained some attention 
by the scientific community [1^]. This case, which we will study, is a good test 
for this method because some difficulties already appeared in the utilization 
of this method applied to phantom solutions, showing some weakness, or even 
limitation of the method [ ] . 

This paper is organized as follows. In section 2, we present a summary 
of the obtaining a new class of solutions studied, arising from the Einstein- 
(anti)Maxwell theory, and how to obtain their thermodynamic quantities. In 
section 3, we summarize the method of Geometrothermodynamics. In section 
4, we apply the method of Geometrothermodynamics for a new black hole so- 
lution and the Reissner-Nordstrom-AdS solution. In section 5, we present our 
conclusions and perspectives. 

2 The field equations and the solutions of phantom Reissner- 
Nordstrom-(A)dS 

The action of this theory is given by 



where the first term characterizes of Einstein-Hilbert action, the second is the 
coupling with the Maxwell field (77 = 1), or a phantom field of spin 1 {rj — —1), 
and finally the third term is the coupling with the cosmological constant, which 
can behave as A > (dS) or A < (AdS). The nomenclature known as phantom 
is due to the fact that the energy density of the field of spin 1 is negative, for 



Making the functional variation of the action (1), with respect to the fields 
and g^j, (components of the spacetime metric), we get the following field 
equations 




(1) 




(2) 
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where we used R = — 4A. Considering a static, spherically symmetric spacetime, 
we can write the line clement as 

ds^ = e^^^di^ - e2"('-)dr2 - e^^^^ {d0^ + sin^ Odcj)^) . (3) 
The first equation of (2) becomes 

pw ^ ^g-(a+7+2« ^ p^^p^.. ^ -2qe-^^ , (4) 

where g is a real integration constant. Substituting (4) in the second equation 
of (2), we get 

7" + y (y - a' + 2/3') = (77^2 e~4/3 _ ^^ ^ 

y + 2/3" + y (Y - a') + 2/3' (/?' - a') - e^" (r/g^ g-^/? _ a) , (5) 
e2("-/9) _ + ^' (y _ a' + 2/3')] = (77^2 e-4/3 + A) , 

where ' denotes the differentiation with respect to the radial coordinate r. We 
then choose the quasi-global coordinate system 

a{r) = --f{r) , (3{r) = ln(r) , (6) 

the second equation of (5) becomes 

Integrating (7), we obtain the following line element and Maxwell field (or phan- 
tom) as solutions of the equations of motion of the action (1) 

ds^ = f{r)dt^ -[fij-yf^ dr^ -r^ {d6^ + Odcf^) , (8) 

F = _4d,Adt, /(r) = l-^-^r2+,74- (9) 

Again, the mass M and the constant 1, of f{r), are determined for satisfying 
the newtonian limit when A = 0, the spacetime being asymptotically that of 
Minkowski. The solution (8) is that of Reissner-Nordstrom-(A)dS, for rj = 1, 
and that of anti-Reissner-Nordstrom-(A)dS (phantom), for rj = —1. 

The horizons of this solution can be determined by the roots of /(r). We 
can obtain only two real roots for the equation f(r) = 0, which are the external 
horizon r_|_ (events horizon), or internal horizon , where < r_ < r+, for 
r] — 1, and r_ < < for 77 = — 1. We are interested just to the anti-Reissner- 
Nordstrom-AdS solution(A < 0), and of value of r^, which can be represented 
as 



X = 

V ^ 

-t- V(2 - 36AM2 -I- 2477Ag2)2 _ 4(1 _ 477Ag2)3 . (12) 
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1 / r- /6 V2M\ 

, (10) 

2 - 36AAf2 + 247?Ag2 + 



The causal structure of the new anti-Reissner-Nordstrom-AdS (anti-RN-AdS) 
solution, obtained for the first time in this work, is identical to the Schwarzschild 
solution, but with timelike infinite spacial (r — > oo), as shown in Figure 1. For 
studying the thermodynamic properties of this solution, it is necessary to express 
the mass M in terms of the radius of the events horizon and the charge q as 
follows. Equating (700 = f{r) to zero, we get 

Now, we are interested to do a geometric analysis, representing the semi- 




Fig Ure ll Carter-Penrose diagram for the new anti-RN-AdS solution. 

classical effects of the gravitation of the black hole solutions cited previously, i.e, 
quantizing other fields called matter field, treating classically the gravitational 
field as the background. Then, we will make the semi-classical thermodynamic 
of black holes, initiated by Hawking [ ] and developed posteriorly by other au- 
thors [21]. 

There exist various forms of obtaining the Hawking temperature, as for ex- 
ample by the Bogoliubov coefficients [22], the metric euclidianization [23], by 
the energy-momentum tensor [4, 21], by the transmission and reflection coeffi- 
cients [24, 25], by the analysis of the anomaly term [2(i] and by the superficial 
gravity of black hole [27]. Until now, these methods appear to be equivalent 
[2'"], then, we propose to use in this work the method of the calculation of the 
Hawking temperature through the superficial gravity. 

The superficial gravity of a black hole is given by the expression [29]: 



5oo 



2\/^3oo3ii 



(14) 



where r_|_ is the radius of the events horizon and the Hawking temperature is 
related with the superficial gravity by the expression [1, 27]: 

T-^- (15) 

Then, for the case of black hole (8), we found that the superficial gravity (14) 
is 

M A q2 
K = - -r+ - 7?-^ , (16) 
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in which, substituting the mass (13), yields 

1 



2r4 



1-Ari 



and the Hawking temperature (15), in this case, is : 

1 ^ -2 

47rr 



T 



1 - Ar: 



(17) 



(18) 



We define the area of the black hole horizon as 

A = 











V322ff33 



= 47rr' 



47rrj 



(19) 



Then, one can define the entropy of the black hole by [2] 

S=\A^TTrl. 
4 + 

We also calculate, from (9), the electric potential at the events horizon as 



(20) 



v4o 



Fw{r')dr' 



r— r-|- 



(21) 



Through the equations (13) and (20), we can take the differential of the mass 
and of the entropy 



(22) 



dM^\[l- At\ - r^^j dr+ + rj^dq 
dS = 2TTr+dr+ , 



which, with (18) and (21), satisfy the first law of the thermodynamic of black 
holes [2] 

dM = TdS + 77^0^9 . (23) 

Note that the first law is generalized for the case anti-RN-AdS, with = — 1, 
where the sign of the second term, which is related to the work, changes due to 
the contribution of negative energy to the system. 

We can establish correctly the study of the thermodynamics of the system 
anti-RN-AdS. From the equation (20) we get r+ = ^^S/n, which inserted in 
(13) yields 

3/2 



MiS,q) 



1 fs 



A 
3" 



.2 91 



From (23), we obtain the following equations of state 



V dS 



\ dq J . 



(24) 



(25) 



By the expression (24), we see that the equations of state (25) are satisfied. Now, 
we have all the required ingredients for doing an analysis of thermodynamic 
system of the RN-AdS phantom solution. In next section, we will present a 
brief summary of Geometrotermodynamic method, which will be applied later. 



6 



3 The Geometrothermodynamics 



Geometrothermodynamics (GTD) method use the differential geometry tool for 
representing a physical thermodynamic system. With this, we can construct 
a mathematical space where it can be defined all the thermodynamic quanti- 
ties, extensive and intensive, also the postulates and equations of state. Let us 
consider a (2n + 1)— dimensional space T, whose the coordinates are thermo- 
dynamic potential extensive variables E"" and intensive variables where 
a — 1, n. If the space T possesses a non-degenerated metric Gab{Z'" ), where 
= {$, E",!"}, and a Gibbs 1-form 9 = d^-6abI''dE'', where dab is the Kro- 
necker delta, then if the condition Q A (d8)" 7^ is satisfied the set (T, Q, G) is 
called contact riemannian manifold [30]. The space T is called thermodynamic 
phase space. 

One can also define a n-dimensional subspace E C T with extensive coordi- 
nates i?" and a map ip -.E^T, with $ = such that 

<^ (6) = ^ <^ 9* e rb (26) 

Then, we call the space E by the space of equilibrium thermodynamic states, 
and first equation of (26) by "first law of thermodynamics" , and the second 
equation by the condition for thermodynamic equilibrium. We impose "the 
second law of thermodynamics" as a required condition: 

where the sign (±) depends on the chosen thermodynamic potential. In the 
mass case we get the sign (+) and for the entropy case we get (— ). This con- 
dition is known as convexity of the thermodynamic potential. The thermody- 
namic potential is defined in such a way to satisfy the condition of homogeneity 
$(ai?") = a^^{E°'). Differentiating with respect to a, using the second equa- 
tion in (26) and taking a = 1, we obtain 

mE") = SabPE" . (28) 

Differentiating (28) and using the first equation of (20), we get 

(1 - P)SabPdE' + SabE'^dl'' = . (29) 

For /3 ~ 1, we re-obtain the Euler identity in (28), and the relation of Gibbs- 
Duhem in (42). The pullback (p* : T* (T) (g) T* (T) T* (E) (g> T* (E)^ , induces a 
metric in E, such that ip* (G) = g. 

Hernando Quevedo has improved probable metric G for the GTD, such that 
for the case of black holes, it can be written as follows [^>] 

dL^ = GABdZ^dZ^ = e^ + {SabE"!^) {rjabdE'^dl'') , (30) 



^Where T* (T) and T* (E) represent the tangent space to T and E respectively. 
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where rjab = {ili I7 •■•i l}i which the second order phase transition leads to 
Vab = 1; ••■I !}• PuUback if* induces a metric in E: 

f)yA fi/B 

df = gabdE-dE" = ——GAsdE'^dE^ 

{vaa5''lS^^dE^dE\ (31) 



dE^ J \ dE^E\ 

Since the thermodynamic system does not depend on the choice of the ther- 
modynamic potential and it is invariant by the Legendre transformations, we 
found that the metrics (30) and (31) are defined in such a way to invariants by 
the Legendre transformations as follows: 

$ = $ - 5abE''?' , E" ^ , ^ & . (32) 

The n-dimensional space E, whose the metric is gab, is used for interpreting 
the thermodynamic interactions, phase transitions and fluctuations or stability 
of the thermodynamic system. Through the metric (31), we can calculate the 
scalar of curvature i?, which provides two interpretations: if it exists thermo- 
dynamic interaction and phase transition, and at which point of the space of 
thermodynamic equilibrium states they occur. 

We have seen that a metric of the space of thermodynamic equilibrium states 
E can be obtained by the puUback of the metric of the contact riemannian space. 
By the definition of the line element (31), of the space E, one can define the 
distribution of probability in the interval E°' + dE'^ for finding the physical state 
with the extensive variable E°- , by 



(27r)2 



^^gabdE'^dE"" 



(33) 



where P{E°-) satisfies 

/n 
dE°-P{E°-) ^ 1 . (34) 
a=l 

Deriving (33) with respect to V^^, where V is the volume of the system, the 
expression for the second fiuctuations can be obtained (in the thermodynamic 
limit V ^Qo) [31] 

{AE'^AE'') = -g"^ , (35) 

where AE"' = E"" — E^^.^ and g"'' is the inverse of gab- The unities must be 
adjusted with a realistic analysis. In the case where the fiuctuations are real 
and small the system is stable. 

Another criterion used for determining the stability is through the following 
objects 

p1'^ = .911 > , ^ = .922 > , ... , pj"^ = g„„ > , (36) 
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pi'' 



pi'' 
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512 
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522 


511 


512 


5l2 


522 


513 


523 



522 523 

523 533 



>0, 



> , p„ = det [gab] > 



(37) 
(38) 



The positive (negative) sign of Pn , which depends on the choice of the thermo- 
dynamic potential, gives us the notion of the local stability (instability) of the 
thermodynamic system and the fulfilment of [.V2] 



Pt 



> , i = 1, 



(39) 



informs us that the system is globally stable. 

Since we are not studying rotating black holes, another mechanism for de- 
termining the global stability (instability) is the Helmholtz free energy. In ther- 
modynamic variables of black holes, the Helmholtz free energy is a Legendre 
transformation of the mass (energy) M{S,q): 



F{T,q) = M{S,q)-TS 



(40) 



When 



F(£;°) < , V£;° (£:° e /(£^")) , (4i) 

where I{E°') is an interval and are the extensive variables, the thermody- 
namic system is globally stable. In the usual case of the thermodynamics the 
Helmholtz free energy is given by F{T, V) = U — TS. 
We also can define the Gibbs potential as 

G{T,Ao)^M{S,q)-TS-fiAoq, (42) 

and the global stability is given by 

GiE") < , yS" {E" £ liE")) . (43) 

We introduced the sign of 77 in (42) for compensating the contribution of the 
thermodynamic work. Then, we will use the Gibbs potential for determining the 
global stability of the thermodynamic system. In next section, we will explain 
these methods of study of the thermodynamic properties of the solutions RN- 
Ads and anti-RN-Ads. 



4 Termo dynamics of phantom Reissner-Nordstrom-AdS 
black hole 

4.1 Geometrothemodynamics Application 

We start defining the thermodynamic variables of the system. For the cases 
of black holes coming from the Einstein-Maxwell theory, we always will get a 
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solution with two physical parameters, the mass M and the charge q. Other 
elements which could be defined from these two parameters are the entropy S, 
the temperature T and the electric potential scalar Aq. The contact riemannian 
manifold T is, in this C0jSG, Oil 5-dimensional space and the space of thermody- 
namic equilibrium states E is a 2-dimensional submanifold. 

The description of the thermodynamics is that of the mass representation 
M(S', q) in (24), as thermodynamic potential <I>, defined in the previous section. 
The extensive variables are the entropy S and the charge q, which was repre- 
sented by the coordinates i?". The intensives variables are the temperature T 
and the electric potential Ag, which was represented by the coordinates J". 

Then, we have the coordinates of the thermodynamic phase space T as = 
{M{S, q),S, q, T, Aq}, and the Gibbs 1-form is given by ^ 

Qm = dM - TdS - r]Aadq , (44) 

such that we have (p*{Qs) — 0, resulting first law of the thermodynamics of 
black holes dM = TdS + rjA^dq {rj = ±1). 

The line element (30), of the space T, for a second order phase transition is 
given by 

dL^ = {dM - TdS - rjAodqf + {TS + rjAoq) x 

X [~dSdT + d {f]Ao) dq] . (45) 

The first law, second law and the equations of state at the equilibrium are given 

by 

d$ = Sabl^dE^ dM = TdS + r]Aodq , (46) 
d^M d'^M d^M 



dS^ ' dSdq' dq^ 



j2 ^0, (47) 

9$ , . dM ^ dM 

d]^a-^^^l''-^-T,—^,Ao. (48) 

Now, we must specify the solution anti-RN-AdS (8). The line element (31) 
of the space of thermodynamic equilibrium states, taking into account (24), is 
given by 

„2 f^dM dM\ f d^M , ^\ 

= gssdS'^ + gqqdq"^, (50) 

fnS - AS^ + 3r]TT^q^\ f A S^ + nS - 37]7r\^\ 
9SS = T-^ 5-^7^5 , (51) 



47r5 / V 87r2S'2 



. nS-AS^ + Srpr^' 



^This expression comes from the first law of tlicrmodynamics (23). 
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We note here that the phantom contribution may change the signature of the 
space metric E. For calculating the scalar of curvature associated to the metric 
(50), we can use the formula of a scalar of a two dimensional space: 



R{M,q) = - ^ 



\/\det[g] 
det[Hs] 
'2{det[g]f 



CdqgMM ~ dugUq \ , Q I ^Mgqq — QqQMq 



(53) 



9mm 9Mq 

Hs = \ dMQMM duOMq duQqq I ■ (54) 
dqQMM dqQMq dqdqq 

The scalar (53) is given by 

R{S,q) = -IGir^ (^5A^ S'^ +ttA^ S"^ -2Tr^AS^ + m-qn'^Sq^ + 15t]Att^ S^q^ + 

+ 6t]A^tt^ S^q^ - ISn^q^ - 63A7r''S') / {AS^ +ttS- ir^n^q^f x 

X [AS^ -TiS -ir^Ti^q^f . (55) 

By the use of a mathematical software, we found the roots of the scalar of 
curvature R{M, q) in (55) for the values of the entropy Si = 0.0305608 and 
5*2 = 2.441077 when = -A = 1 and g = 0.1; and S3 = 0.864182 and 54 = 
2.22539 when 77 = A = — 1 and q = 0.1. The points where the scalar R{M,q) 
diverges are given by the values of the entropy S5 — — (7r/2A)(l + -\/l + 12ryAg2)^ 
5*6 = -(7r/2A)(-l + y/l + 1277Ag2) and 5*7 = -(7r/2A)(l - ^1 + 1277Ag2). Ah 
the other points arc negative or complex values for the entropy and have been 
rejected. 

For confirming the consistency of our analysis, we can calculate in the usual 
thermodynamic way the specific heat by the expression 

fdM\ _ fdM\ j fd^M 



which leads to 

{-TTS + AS^ + r]n^q^) 
" (7r5 + A52-377^V) ■ 

The roots of (57) give the values where the black hole is extreme, which are 
Ss = -(7r/2A)(-l + y/l - Ar]Aq^) and Sg = (7r/2A)(l + ^1 - ArjAq^) < 0, 
where the last value has been rejected since it is negative (A < 0). The values 
5*8 and 6*9 can be obtained directly setting the temperature (18) equal to zero 
and substituting r+ — \J S/tt. The points where the specific heat diverges, i.e, 
the points of phase transitions, are S^ and Sj given previously. More particularly 
here, where only the value of Sc, is positive for the case anti-RN-AdS, i.e, this 
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case possesses just one point of phase transition. This result is in agreement 
with that known in the Uterature, which commonly is demonstrated for the 
specific heat in terms of the events horizon [33], which in our case is a direct 
substitution of (20). 

We present the graphics of the scalar of curvature (55) and the specific 
heat (57) in function of the entropy, for the fix value of the electric charge 
q = 0.25, in the Figures 2 and 3. For the case RN-AdS, the unique root for 
the specific heat is Ss{q = 0.1) = 0.0311079, which differs from the two val- 
ues which make the scalar of curvature vanishing, Si{q — 0.1) — 0.0305608 
and S2iq = 0.1) = 2.441077. In the case anti-RN-AdS, there is any root for 
which the specific heat vanishes, but there are two roots which the scalar of 
curvature vanishes, Ssiq = 0.1) = 0.864182 and S'4(g = 0.1) 2.22539. Thus, 
Geometrothermodynamics method does not provide the same result for the 
analysis done by the specific heat of the black hole, both for the RN-AdS and 
for the anti-RN-AdS cases. However, again, the analysis performed by the Ge- 
ometrothermodynamics method appears to be inefficient, as it has been shown 
in [19]. The graphics of the scalar of curvature and the specific heat, for this 
case, are presented in Figures 4 and 5. 




2 3 4 5 



Figure 2: Graph of the scalar of curvature in function of the entropy S, of the RN-AdS case, for 
the electric charge q — 0.25 and the cosniological constant A — —1. 




Fi gUre 3; Graph of the specific heat in function of the entropy S, of the RN-AdS case, for the 
electric charge q — 0.25 and the cosmological constant A — —1. 

4.2 Local and global stability 

The local stability of a thermodynamic system can be studied commonly by the 
specific heat. But we can also study the components of the metric of the space 
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Figure 4: Graph of the scalar of curvature in function of the entropy 5, of the anti-RN-AdS case, 
for the electric charge q — 0.25 and the cosinological constant A — —1. 



Figure 5: Graph of the s pecific heat in function of the entropy S, of the anti-RN-AdS case, for 
the electric charge q — 0.25 and the cosmological constant A — —1. 



of thermodynamic equilibrium states E or the Hessianmass. About the global 
instability of the system, it can be determined by the analysis of components of 
the metric E and all possible determinants of them, by the Helmholtz free energy 
or by the Gibbs potential. We will study here the local and global stability of 
the class of the black holes solutions of the type RN-AdS and anti-RN-AdS. 

Let us start calculating the Hessian of the mass (24). The Hessianmatrix of 
the mass is defined by 



asdq 



dSdq 
dq^ 



(58) 



which for (24) yields 



Hs = 



rv^q^-TvS-KS^ 
8^3/25'5/2 

''2S3/2 



'/2S3/2 



V 



(59) 



The components of the Hessianmatrix assume clearly the positive and negative 
values, which implies the local instability for the two solutions, RN-AdS and 
anti-RN-AdS. 

We can also analyse the specific heat (57), but to do this, let us first study 
the temperature of the black hole (18). The temperature can be written in 
terms of the entropy as follows 



T{S,q) 



nS - AS^ 



9 9 



4(775)3/2 



(60) 
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In the RN-AdS case the temperature is positive for S > Se, where the value for 
to extreme case is given by Se = (— 7r/2A)(— 1 + i/l — 4,Aq'^), zero for S = Se 
and negative for S < Se (unstable), which is in accordance with [34, 35]. For 
the anti-RN-AdS case, the temperature is always positive for S > 0, then there 
isn't the extreme case, as we previously mentioned. The graphics of the Figures 
6 and 7 are of temperature in function of the entropy for the two cases. In the 
RN-AdS case, it is clear that T = for Se, passing later by the maximum and 
decreasing slowly. For the anti-RN-AdS case, the temperature starts very great, 
decreasing until a minimum and later increases more slowly. 



Fig UrC 6* Graph of the temperature in function of the entropy S, of the RN-AdS case, for the 
electric charge q — 0.1 and the cosmological constant A — —1. 



Figure 7'. Graph of the temperature in function of the entropy S, of the anti-RN-AdS case, for 
the electric charge q — 0.1 and the cosmological constant A — —1. 

Now, using (60) we can write the specific heat (57) as follows 
_ 8r(5,g)^3/2g5/2 

Analysing the sign of the specific heat for the RN-AdS case, we have a locally 
unstable phase where Cq < 0, for S € {SjjS^), where 5*5^7 = — (7r/2A)(l ± 
y/l + 12riAq^) and Se < S-j. The black hole is extreme in S* = S'g and one 
has a local stable phase where Cq > 0, for S £ {Se,Si) or S > S5, with 
Se < Sr, according to the graphic of the Figure 3. This also provides a value 
of the extreme charge, to the RN-AdS case, which is given by Qe = 1/2^/3 « 
0.28867513459 [:;4]. The anti-RN-AdS case, the graphic of the Figure 5 shows 
that here is not extreme case and the system is locally stable for the condition 
S > 5*5, since < for < 5' < S'g- 
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We can also study the local and global stability by the metric components 
of the space of thermodynamic equilibrium states E in (49), as shown in the 
section 3. The sign of the metric components (49) for the RN-AdS case are 
given by gss > for € {Sj,S5), g^q > for 5* > and the determinant of 
the metric g > for S" e (S'7,5'5). Collecting the results, we observe that the 
system is local and globally stable if 5 G (5*7, 5*5). This is not in agreement 
with the analysis made by the specific heat. But for the anti-RN-AdS case, 
the components gss, Qqq and the determinant g are always positive in disjunct 
interval. Then there does not exist interval for which the system can be locally 
or globally stable, contradicting again the result by the specific heat. 

Now, we will study the global stability of these solutions. We can rewrite 
the mass and the electric potential in terms of the entropy and of the electric 
charge as follows 

M ^ -A^- + 3.^ + 3,.V /F^ 



Our analysis starts with the grand-canonical ensemble. Using (60) and (62), 
one can calculate the Gibbs potential (42) 

^ ^ KS^ + 3^5 - ii^^q^ 

Equating (63) to zero, one has 

Sgi,G2 - (-^) (3 T v/9 + Ui^w) ■ (64) 

In the RN-AdS case, by the Gibbs potential, we get G < 0, which is a stable 
system for S £ (0,5*01) U (5*02, +00), which is in accordance with [35]. In the 
anti- RN-AdS case, one gets G < 0, which is a stable system only when S > Sg2- 
The graphs of the Gibbs potential for the two cases are presented in the Figures 
8 and 9. 



Figure 8: Graph of the Gibbs potential, to the RN-AdS case, in function of the entropy S for the 
electric charge g — 0.1 and the cosmological constant A — —1. 

We can now analyse the canonical ensemble. The Hclmholtz free energy 
(40), from (60) and (62), is given by 

p^^S^ + ^^S+yg^ (65) 
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Figure 9: Graph of the Gibbs potential, to the anti-RN-AdS case, in function of the entropy S 
for the electric charge q — 0.1 and the cosmological constant A — —1. 

which equating to zero yields 

Sfuf2 = (^-^) (l ± - 4,7Ag2) . (66) 

Through the canonical ensemble it seems that we get the inversion of the cases. 
In the RN-AdS case the system is stable, i.e, F < for S > Spi- In the anti- 
RN-AdS case the system is stable for S G (0,5*^2) U {Sfi,+oo). The graph of 
the Helmholtz free energy, for the two cases, are represented in the Figures 10 
and 11. 



030 

Q25 

0,20 




Figure lOl Graph of the Helmholtz free energy, of the RN-AdS case, in function of the entropy 
S for the value of the electric charge q — 0.1 and the cosmological constant A — —1. 




Fi gUre 11: Graph of the Helmholtz free energy, of the anti-RN-AdS case, in function of the 
entropy S for the values of the electric charge g = 0.1 and the cosmological constant A — —1. 
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5 Conclusions 



We got a new solution of Einstein-anti-Maxwell theory with cosmological con- 
stant, which is caUed anti-RN-(A)dS solution. We analysed the basic properties 
of this solution, such as the horizons. Later, we focused our attention to the 
thermodynamics of the anti-RN-AdS solution. 

We made a summary of the Gcomctrothermodynamics method. We applied 
the method to the solutions of types RN-AdS and anti-RN-AdS, as well as the 
more usual method of black holes thermodynamics. Considering the mass like 
the thermodynamic potential, we obtained the scalar curvature (55) of the space 
E. This scalar possesses two roots and two points of phase transition in each 
case. But these roots are not obtained by the specific heat method. For the 
RN-AdS case, the unique root for the specific heat is Ss{q = 0.1) — 0.0311079, 
which differs from the two values which cancel the scalar curvature Si{q = 
0.1) = 0.0305608 and S2{q = 0.1) = 2.441077. In anti-RN-AdS case, there is 
any root for the specific heat, but there is two roots of the curvature, S3{q = 
0.1) = 0.864182 and 54(9 = 0.1) = 2.22539. So, the Geometrothermodynamics 
method does not give us the same result of the analysis made by the specific 
heat of the black hole, in both cases, i.e, RN-AdS and anti-RN-AdS. Again, the 
analysis made by the Geometrothermodynamics method has been ineffective in 
some way, as in [] ! •]. 

Then we analyse the local and global stability of these solutions, through the 
Hessian of the mass, of the components and the determinant of the metric of 
the space of equilibrium thermodynamic states E, the specific heat, the Gibbs 
potential and Helmholtz free energy. The local stability can not be established 
by the Hessian of the mass. For a given interval of real values of the entropy, the 
local stability can be established for the two solutions, using the specific heat. 
Using the components and determinant of the metric in E we do not obtain 
a result consistent with to calculus by the specific heat. Finally, through the 
grand-canonical and canonical ensembles, we establish the global stability of the 
thermodynamic system of the two solutions, RN-AdS and anti-RN-AdS. These 
ensembles seem to produce results symmetric with each other. 

Then we showed the consistent construction of the thermodynamics of the 
anti-RN-AdS solution and its global stability. This shows clearly that this so- 
lution is physically stable. We hope that this analysis of the thermodynamics 
system made in this paper leads to a constraint to the spacetime geometry 
stability of this solution. 

About the Geometrothermodynamics method, we hope that establishing a 
new metric of the thermodynamic space T, we will can interpret the results more 
consistently. We believe that the introduction ad hoc of the Lorentzian signature 
(30), it must have a more physical justification. In fact, when we introduce 
this metric we are to impose the result that we expect for to thermodynamic 
system. For example, when we introduced the Lorentzian metric, we imposed 
to the thermodynamic system a possible second order phase transition. It will 
be necessary a greater understanding of the geometry of contact riemannian 
manifold, so that we can introduce a metric arising from previously established 
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physical requirements, but which may offer posteriorly no known results. 
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